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ON DISCRETE COHERENT PAIRS OF MEASURES
R. A´LVAREZ-NODARSE, K. CASTILLO, D. MBOUNA, AND J. PETRONILHO
Abstract. In [Castillo & Mbouna, Indag. Math. 31 (2020) 223-234], the
concept of piN -coherent pairs of order (m, k) with index M is introduced. This
definition, implicitly related with the standard derivative operator, automati-
cally leaves out the so-called discrete orthogonal polynomials. The purpose of
this note is twofold: first we use the (discrete) Hahn difference operator and
rewrite the known results in this framework; second, as an application, we de-
scribe exhaustively the (discrete) self-coherent pairs in the situation whether
M = 0, N ≤ 2, and (m, k) = (1, 0). This is proved by describing in a unified
way the classical orthogonal polynomials with respect to Jackson’s operator
as special or limiting cases of a four parametric family of q−polynomials.
1. Introduction and Preliminaries
Following the ideas presented in [4], this note provides an additional input to
the theory of coherent pairs of measures in the framework of discrete orthogonal
polynomials. In [4] the authors remark that “The results and proofs in this section
can be repeated with almost no changes in the more general setting of the discrete
OPS, replacing the derivative operator D by Dq,ω”. The truthfulness of this sen-
tence relies upon several recent results obtained in [2], provided that we are able to
construct the “right” (q, w)-analogues of the results stated in [4]. This is, indeed,
a not so trivial task. In [3, Section 4] B. Berndt emphasized, in a slightly different
context, that there are several ways to construct the so-called q-analogues and, a
fortiori, the (q, w)-analogues. We have decided to write this note, not only with the
purpose to write explicitly the mentioned appropriate (q, w)-analogues (and clarify
certain nontrivial technical aspects involved in their proofs), but also to show how
known results can be easily derived using the theorems stated in this work together
with [2, Theorem 1.2]. To achieve this we will introduce a four parametric family
of q−polynomials that contains as a special or limiting case all the classical OPS
with respect to Jackson’s operator (i.e., the q−classical polynomials).
We suppose that the reader has the papers [2, 4] at hand and, as far as possi-
ble, we shall use the notation and definitions therein, including the basic facts of
the algebraic theory of orthogonal polynomials stated by P. Maroni [8] (see also
[10] for a recent survey on the subject). Throughout this work we will use the
abbreviations OP and OPS for Orthogonal Polynomial(s) and Orthogonal Polyno-
mial(s) Sequence(s), respectively. Let (Pn)n≥0 and (Qn)n≥0 be two monic OPS
and let u and v be the moment regular functionals with respect to which (Pn)n≥0
and (Qn)n≥0 are orthogonal. In [4] the authors consider the following structure
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relation:
(1.1) πN (x)P
[m]
n (x) =
n+N∑
j=n−M
cn,jQ
[k]
j (x), n = 0, 1, . . . ,
where M and N are fixed non-negative integer numbers, πN is a monic polynomial
of degree N (hence cn,n+N = 1 for each n), and we consider the convention Qj ≡ 0
if j < 0. Moreover, it is assume that the following conditions hold:
(1.2) cn,n−M 6= 0 if n ≥M .
Motivated by the preceding literature on the subject the following definition is
stated in [4]:
Definition 1.1. Let M and N be non-negative integer numbers and let πN be a
monic polynomial of degree N . If (Pn)n≥0 and (Qn)n≥0 are two monic OPS such
that their normalized derivatives of orders m and k (respectively) satisfy (1.1) and
(1.2), we call
(
(Pn)n≥0, (Qn)n≥0
)
, as well as the corresponding pair (u,v) of regular
functionals, a πN -coherent pair with index M and order (m, k).
Let us define the so-called Hahn operator Dq,ω : P → P by
(Dq,ωf)(x) =
f(qx+ ω)− f(x)
(q − 1)x+ ω ,
where we assume that q, ω ∈ C, and q 6∈ {0, 1, e2ijπ/n | 1 ≤ j ≤ n−1 , n = 2, 3, . . .}.
Consider (1.1) redefining the derivatives as “discrete” derivatives,
(1.3) S[m]n :=
[n]q!
[n+m]q!
Dmq,ωSn+m.
Here we use the standard notation
[0]q! := 1, [n]q! :=
n∏
j=1
[j]q, [n]q :=
qn − 1
q − 1 , n = 1, 2, . . . .
This leads to the concept of discrete πN -(q, w)-coherent pair with index M and
order (m, k), defined as in Definition 1.1 with the obvious modification; that is,
replacing in (1.1) the standard derivatives by the discrete ones (1.3).
In the rest of the section we summarize some basic facts. (For more details
see [2] and references therein.) Given a simple set of polynomials (Rn)n≥0, the
corresponding dual basis is a sequence of linear functionals en : P → C such that
〈en, Rj〉 := δn,j , n, j = 0, 1, . . . .
The operator Dq,ω induces Dq,ω : P∗ → P∗ defined by
〈Dq,ωu, f〉 := −q−1〈u, D1/q,−ω/qf〉.
The sequence (R
[k]
n )n≥0 is a simple set of polynomials and its associated dual basis
(e
[k]
n )n≥0 satisfies
Dk1/q,−ω/q
(
e[k]n
)
= (−q)k [n+ k]q!
[n]q!
en+k, n, k = 0, 1, . . . .(1.4)
We also define Lq,ω : P → P and Lq,ω : P∗ → P∗ by
Lq,ωf(x) := f(qx+ ω), 〈Lq,ωu, f〉 := 〈u, L1/q,−ω/qf〉.
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Throughout the paper the following properties will be used
D1/q,−ω/qLq,ω = qLq,ωDq,ω, L1/q,−ω/qLq,ω = I,
Dq,ω(fu) = Dq,ωf u+ Lq,ωf Dq,ωu , Lq,ω(fu) = Lq,ωfLq,ω(u),
Dnq,ω(fu) =
n∑
j=0
[
n
j
]
q
Ln−jq,ω
(
Djq,ωf
)
Dn−jq,ω u =
n∑
j=0
[
n
j
]
q
Ljq,ω
(
Dn−jq,ω f
)
Djq,ωu
for each n = 0, 1, . . .. The last property is Leibniz’s formula.
A linear regular functional u ∈ P∗ is a Dq,ω-semiclassical functional if it is
regular and there exist φ, ψ ∈ P , with deg ψ ≥ 1, such that
Dq,ω (φu) = ψu.(1.5)
The class of a Dq,ω-semiclassical functional u, denoted by s(u), is the unique non-
negative integer number defined by
s(u) := min
(φ,ψ)∈Au
max
{
deg φ− 2, degψ − 1} ,
where Au is the set of all pairs of nonzero polynomials (φ, ψ) fulfilling the functional
equation (1.5). When s(u) = 0, u is said to be a Dq,ω-classical functional. We also
say that the corresponding OPS is Dq,ω-semiclassical of class s(u) or Dq,ω-classical,
respectively. Notice that
Dq,ω(φu) = ψu ⇔ D1/q,−ω/q(φ̂u) = ψu,
where φ̂(x) := q−1 [φ(x) + ((q − 1)x+ ω)ψ(x)]. Consequently, a regular linear
functional u is Dq,ω-semiclassical if and only if it is D1/q,−ω/q-semiclassical.
The structure of the paper is as follows. In Section 2 we state the discrete ana-
logues of the results presented in [4]. In Section 3 we present an application in
the framework of πN -(q, w)-coherence of index 0 and order (1, 0), being N ≤ 2
and considering Pn = Qn for each n = 0, 1, 2, . . . (self-coherence). This allow us
to prove a (q, ω)−analogue of the well knwon Al-Salam and Chihara characteriza-
tion of classical orthogonal polynomials. We also describe in a unified way (up to
an affine change of variable) all the q−classical OPS, by splitting them into two
large families of q−polynomials, (Ln(·; a, b, c|q))n≥0 and (Jn(·; a, b, c, d|q))n≥0. As
a matter of fact, even Ln(·; a, b, c|q) can be obtained as a special or limiting case of
Jn(·; a, b, c, d|q).
2. Main results
In this section we state the main results of this work, giving the (q, w)-analogues
of the ones obtained in [4]. For proving them we follow the ideas presented in [4].
But first, and this is a delicate point, we need to define the appropriate (q, w)-
analogues of the formulas appearing therein. After that, it is straightforward to
prove our results following the arguments used in [4].
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Lemma 2.1. Let
(
(Pn)n≥0, (Qn)n≥0
)
be a πN -(q, ω)-coherent pair with index M
and order (m, k), so that (1.1) and (1.2) hold. Set
ψ(x;n) :=
n+M∑
j=n−N
(−q)m[j +m]q!
[j]q!〈u, P 2m+j〉
cj,nPm+j(x),(2.1)
φ(x;n, j) :=
(−q)k[n+ k]q!
[n]q!〈v, Q2n+k〉
N−j∑
ℓ=0
[
k + n
ℓ
]
q−1
[
N − ℓ
N − j − ℓ
]
q−1
(2.2)
× Lk+N−ℓ1/q,−ω/q
(
Dℓ1/q,−ω/qπN
)
(x)Lj1/q,−ω/q
(
Dn−j−ℓ1/q,−ω/qQn+k
)
(x),
for all n = 0, 1, . . . and j = 0, 1, . . . , N , so that
degψ(·;n) = m+ n+M , deg φ(·;n, j) = k + n+ j .
Let u and v be the regular functionals with respect to which (Pn)n≥0 and (Qn)n≥0
are orthogonal. Then the following functional equations hold:
ψ(·;n)u = Dm−k−N1/q,−ω/q
( N∑
j=0
φ(·;n, j)Dj1/q,−ω/qv
)
if m ≥ k +N,(2.3)
Dk+N−m1/q,−ω/q
(
ψ(·;n)u) = N∑
j=0
φ(·;n, j)Dj1/q,−ω/qv if m < k +N,(2.4)
for all n = 0, 1, . . ..
Proof. Let (an)n≥0, (bn)n≥0, (a
[m]
n )n≥0, and (b
[k]
n )n≥0 be the dual basis correspond-
ing to the simple sets of polynomials (Pn)n≥0, (Qn)n≥0, (P
[m]
n )n≥0 and (Q
[k]
n )n≥0,
respectively. Then
(2.5) πNb
[k]
n =
n+M∑
j=n−N
cj,na
[m]
j , n = 0, 1, . . . .
From (1.4) we get
(2.6) Dm1/q,−ω/q
(
πNb
[k]
n
)
= ψ(·;n)u, n = 0, 1, . . . .
By Leibniz’s formula, and since Dj1/q,−ω/qπN = 0 for j > N , we deduce
Dk+N1/q,−ω/q
(
πNb
[k]
n
)
=
(−q)k[n+ k]q!
[n]q!〈v, Q2n+k〉
N∑
j=0
[
k +N
j
]
q−1
Lk+N−j1/q,−ω/q
(
Dj1/q,−ω/qπN
)
DN−j1/q,−ω/q(Qn+kv).
Applying once again Leibniz’s formula to DN−j1/q,−ω/q(Qn+kv), after some straight-
forward calculations, we find
(2.7) Dk+N1/q,−ω/q
(
πNb
[k]
n
)
=
N∑
j=0
φ(·;n, j)Dj1/q,−ω/qv.
For m ≥ k +N , rewriting (2.6) as
ψ(·;n)u = Dm−k−N1/q,−ω/qDk+N1/q,−ω/q
(
πNb
[k]
n
)
, n = 0, 1, . . . ,
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and using (2.7), (2.3) follows. For m < k +N , writing
Dk+N1/q,−ω/q
(
πNb
[k]
n
)
= Dk−m+N1/q,−ω/qD
m
q,ω
(
πNb
[k]
n
)
, n = 0, 1, . . . ,
and using (2.6) and (2.7), we obtain (2.4). 
Theorem 2.1. (Case m ≥ k+N) Let ((Pn)n≥0, (Qn)n≥0) be a πN -(q, ω)-coherent
pair with index M and order (m, k), so that (1.1) and (1.2) hold. Let u and v be
the regular functionals with respect to which (Pn)n≥0 and (Qn)n≥0 are orthogonal.
Suppose m ≥ k + N . Assume further that m > k whenever N = 0. For each
i = 0, . . . ,m− k and n = 0, 1, . . ., let
(2.8) ϕ(x;n, i) :=
∑
j+ℓ=i
0≤j≤N
0≤ℓ≤M
[
m− k −N
j
]
q−1
Lj1/q,−ω/q
(
Dm−k−N−j1/q,−ω/q φ(.;n, ℓ)
)
(x) ,
φ(·;n, j) being the polynomial introduced in (2.2). Let A(x) be the polynomial matrix
of order m− k + 1 defined by
A(x) := [ϕ(x;n, j)]m−k
n,j=0
.
Let A1(x) (resp., A2(x)) be the matrix obtained by replacing the first (resp., the
second) column of A(x) by [ψ(x; 0), ψ(x; 1), . . . , ψ(x;m− k)]t, and set
A(x) := detA(x) , A1(x) := detA1(x) , A2(x) := detA2(x) .
Assume that the polynomial A(x) does not vanishes identically. Then
(2.9) Av = A1u , AD1/q,−ω/qv = A2u ,
hence u and v are Dq,ω-semiclassical functionals related by a rational transforma-
tion. Moreover, u and v fulfil the following equations:
D1/q,−ω/q(A1Lq,ω(A)u) =
(
qA1Dq,ω(A) +A1D1/q,−ω/q(A) +A2L1/q,−ω/q(A)
)
u,
(2.10)
D1/q,−ω/q(Lq,ω(AA1)v) =
(
qDq,ω(AA1) +AA2
)
v.
(2.11)
Proof. Combining (2.3) and Leibniz formula, we get
ψ(·;n)u =
N∑
ℓ=0
m−k−N∑
j=0
[
m− k −N
j
]
q−1
Lj1/q,−ω/q
(
Dm−k−N−j1/q,−ω/q φ(·;n, ℓ)
)
Dj+ℓ1/q,−ω/qv.
This may be rewritten as
(2.12) ψ(·;n)u =
m−k∑
ℓ=0
ϕ(·;n, ℓ)Dℓ1/q,−ω/qv, n = 0, 1, . . . ,
where ϕ(·;n, i) is the polynomial introduced in (2.8). Taking n = 0, 1, . . . ,m− k in
(2.12) we obtain a system with m− k + 1 equations that can be written as
ψ(x; 0)u
ψ(x; 1)u
...
ψ(x;m− k)u
 = A(x)

v
D1/q,−ω/qv
...
Dm−k1/q,−ω/qv
 .
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Solving for v and D1/q,−ω/qv we obtain (2.9). Finally, one can remark that
D1/q,−ω/qLq,ω = qDq,ω. Hence (2.10) and (2.11) follow from (2.9). 
Remark 2.1. As it is commented in [4], if m = k and N = 0, then u and v
are still related by a rational transformation, but we cannot ensure that they are
Dq,ω-semiclassical.
Theorem 2.2. (Case m < k+N) Let
(
(Pn)n≥0, (Qn)n≥0
)
be a πN -(q, ω)-coherent
pair with index M and order (m, k), so that (1.1) and (1.2) hold. Let u and v be
the regular functionals with respect to which (Pn)n≥0 and (Qn)n≥0 are orthogonal.
Assume further that m < k +N . For each j = 0, . . . , k −m+N and n = 0, 1, . . .,
set
(2.13) ξ(x;n, j) :=
[
k +N −m
j
]
q−1
Lj1/q,−ω/q
(
Dk+N−m−j1/q,−ω/q ψ
)
(x;n) ,
ψ(·;n) being the polynomial introduced in (2.1). Let B(x) := [bi,j(x)]k−m+2Ni,j=0 be
the polynomial matrix of order k −m+ 2N + 1 defined by
bi,j(x) :=
{
φ(x; i, j) if 0 ≤ j ≤ N ,
−ξ(x; i, j −N) if N + 1 ≤ j ≤ k −m+ 2N ,
φ(·; i, j) being the polynomial given by (2.2). Let B1(x) (resp., B2(x) and BN+2(x))
be the matrix obtained by replacing the first (resp., the second and the (N + 2)-th)
column of B(x) by [ξ(x; 0, 0), ξ(x; 1, 0), . . . , ξ(x;m− k + 2N, 0)]t, and set
B(x) := detB(x) , Bj(x) := detBj(x) , j ∈ {1, 2, N + 2} .
Assume that the polynomial B(x) does not vanishes identically. Then
(2.14) Bv = B1u , BD1/q,−ω/qv = B2u , BD1/q,−ω/qu = BN+2u ,
hence u and v are Dq,ω-semiclassical functionals related by a rational transforma-
tion. Moreover, u and v fulfil the following equations:
D1/q,−ω/q(Lq,ω(BB1)v) =
(
qDq,ω(BB1) +BB2
)
v(2.15)
D1/q,−ω/q(Lq,ωBu) =
(
qDq,ωB +BN+2
)
u.(2.16)
Proof. Using Leibniz formula we can rewrite (2.3) as
k−m+N∑
j=0
ξ(·;n, j)Dj1/q,−ω/qu =
N∑
j=0
φ(·;n, j)Dj1/q,−ω/qv, n = 0, 1, . . . .
Taking n = 0, 1, . . . , k−m+2N , we obtain the following system of k−m+2N +1
equations: 
ξ(x; 0, 0)u
ξ(x; 1, 0)u
...
ξ(x; k −m+N, 0)u
ξ(x; k −m+N + 1, 0)u
...
ξ(x; k −m+ 2N, 0)u

= B(x)

v
D1/q,−ω/qv
...
DN1/q,−ω/qv
D1/q,−ω/qu
...
Dk−m+N1/q,−ω/qu

.
The theorem follows by solving this system for v, D1/q,−ω/qv, and D1/q,−ω/qu. 
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Theorem 2.3. (Case k = 0) Let
(
(Pn)n≥0, (Qn)n≥0
)
be a πN - (q, ω)-coherent pair
with index M and order (m, 0), so that the structure relation
πN (x)P
[m]
n (x) =
n+N∑
j=n−M
cn,jQj(x), n = 0, 1, . . .
holds, where M and N are fixed non-negative integer numbers, πN is a monic
polynomial of degree N , and cn,n−M 6= 0 if n ≥ M . Assume further that m ≥ 1 if
N = 0. Let u and v be the regular functionals with respect to which (Pn)n≥0 and
(Qn)n≥0 are orthogonal. Then u and v are Dq,ω-semiclassical functionals related
by a rational transformation. More precisely, setting
(2.17) Φ(x; j) :=
〈v, Q2j〉ψ(x; j) −
j−1∑
l=0
[
m
l
]
q−1
Lm−l1/q,−ω/q
(
Dl1/q,−ω/qQj
)
(x)Φ(x; l)
[j]q−1 !
[
m
j
]
q−1
,
j = 0, 1, . . ., ψ(·; j) being the polynomial introduced in (2.1), then degΦ(·; 0) =
M +m, degΦ(·; j) ≤M +m+ j for each j = 1, . . . ,m, and the following holds:
D1/q,−ω/q
(
Φ(·; 1)u) = Φ(·; 0)u,(2.18)
πNv = Φ(·;m)u,(2.19)
D1/q,−ω/q
(
Lq,ωΦ(·;m))πNv
)
= (qDq,ωΦ(·;m) + Φ(·;m− 1))πNv.(2.20)
Moreover, s(u) ≤M +m− 1 and s(v) ≤ N +M + 2(m− 1).
Proof. Since k = 0, then b
[k]
n ≡ b[0]n = bn = 〈v, Q2n〉−1Qnv for each n = 0, 1, . . .,
hence relation (2.6) may be rewritten as
(2.21) Dm1/q,−ω/q
(
QnπNv
)
= 〈v, Q2n〉ψ(·;n)u, n = 0, 1, . . . ,
where ψ(·;n) is defined by (2.1). Taking n = 0, we obtain
(2.22) Dm1/q,−ω/q
(
πNv
)
= Φ(·; 0)u.
Taking n = 1 in (2.21) and then applying Leibniz’s formula, we deduce
〈v, Q21〉ψ(·; 1)u = Dm1/q,−ω/q
(
Q1πNv
)
= [m]q−1D
m−1
1/q,−ω/q
(
πNv
)
+ Lm1/q,−ω/qQ1D
m
1/q,−ω/q
(
πNv
)
.
Hence, by (2.22), we have
(2.23) Dm−11/q,−ω/q
(
πNv
)
= Φ(·; 1)u.
Thus (2.18) follows from (2.22) and (2.23). This proves that u is Dq,ω-semiclassical
of class s(u) ≤M +m− 1. We conclude pursuing with the described procedure, so
that by taking successively n = 0, 1, . . . ,m in (2.21), the following relation holds:
(2.24) Dm−j1/q,−ω/q
(
πNv
)
= Φ(·; j)u, j = 0, 1, . . . ,m.
In particular, for j = m we obtain (2.19), hence u and v are related by a rational
transformation. Setting j = m− 1 in (2.24), we obtain
(2.25) D1/q,−ω/q
(
πNv
)
= Φ(·;m− 1)u.
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SinceD1/q,−ω/q
(
Lq,ω(Φ(·;m))πNv
)
= qDq,ω(Φ(·;m))πNv+Φ(·;m)D1/q,−ω/q
(
πNv
)
,
we obtain (2.20) using (2.25) and (2.19). Thus v is Dq,ω-semiclassical of class
s(v) ≤ N +M + 2m− 2, and the theorem is proved. 
3. An Application
The interest of the results presented in the previous section will be illustrated
by an exhaustive analysis of the πN -(q, w)-coherent pairs of index M = 0 and order
(m, k) = (1, 0), considering N ≤ 2 and Pn = Qn for each n = 0, 1, . . .. This means
that we focus on the structure relation
(3.1) πN (x)Dq,ωPn+1(x) = [n+ 1]q
n+N∑
j=n
cn,jPj(x), n = 0, 1, . . . ,
where πN is a monic polynomial of degree N ∈ {0, 1, 2} and the cn,j are complex
numbers subject to the conditions cn,n+N = 1 and cn,n 6= 0 for each n = 0, 1, 2, . . ..
Our aim is to describe all the monic OPS (Pn)n≥0 fulfilling (3.1). We prove in a
rather simple and constructive way that, up to affine transformations of variable,
the only monic OPS satisfying (3.1) are the monic q−classical OPS given in Table
1. This is a (q, ω)−analogue of the well known characterization of classical OPS
(Hermite, Laguerre, Jacobi, and Bessel) due to Al-Salam and Chihara [1].
Table 1. Monic q−classical OPS
Name Notation (Pn) Restrictions Reference
Al-Salam-Carlitz U
(a)
n (·|q) a 6= 0 [7, (14.24.4)]
Big-q-Laguerre Ln(·; a, b|q) ab 6= 0 ; a, b 6∈ Λ [7, (14.11.4)]
Little-q-Laguerre Ln(·; a|q) a 6= 0 ; a 6∈ Λ [7, (14.20.4)]
—— ln(·; a|q) a 6= 0 [9, Table 2]
Big-q-Jacobi Pn(·; a, b, c|q) ac 6= 0 ; a, b, c, ab, abc−1 6∈ Λ [7, (14.5.4)]
Little-q-Jacobi Pn(·; a, b|q) a 6= 0 ; a, b, ab 6∈ Λ [7, (14.12.4)]
q-Bessel Bn(·; a|q) a 6= 0 ; −a 6∈ Λ [7, (14.22.4)]
—— jn(·; a, b|q) ab 6= 0 ; a 6∈ Λ [9, Table 2]
The set Λ in Table 1 is defined by Λ := {q−n : n = 1, 2, . . .}. The three-term
recurrence relation characterizing the monic OPS (Pn)n≥0 will be written as
(3.2) xPn(x) = Pn+1(x) + βnPn(x) + γnPn−1(x), n = 0, 1, . . . ,
(βn)n≥0 and (γn)n≥1 being sequences of complex numbers such that γn 6= 0 for
each n = 1, 2, . . ., and P−1(x) = 0. It is well known that
(3.3) βn =
〈u, xP 2n〉
〈u, P 2n〉
, γn+1 =
〈u, P 2n+1〉
〈u, P 2n〉
, n = 0, 1, . . . ,
where u is the moment linear functional with respect to which (Pn)n≥0 is a monic
OPS. We will show that the possible families (Pn)n≥0 fulfilling (3.1) may be related
(up to affine changes of the variable) to one of the following two OPS:
(I) The monic OPS (Ln(x; a, b, c|q))n≥0 given by (3.2), where
βn =
(
a+ b− c(qn+1 + qn − 1)) qn ,
γn+1 = −
(
a− cqn+1) (b − cqn+1)(1 − qn+1)qn
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for each n = 0, 1, 2, . . ., and a, b, c ∈ C are parameters subject to the regularity
conditions
a 6= cqn , b 6= cqn
for each n = 1, 2, . . .. Although there are three parameters in the definition of
Ln(x; a, b, c|q), we note that, without loss of generality, if c 6= 0 then, up to an
affine change of variables, we may reduce to the case c = 1. Indeed, the relation
Ln(x; a, b, c|q) = cn Ln(x/c; a/c, b/c, 1|q)
holds for each n = 0, 1, 2, . . .. Moreover, if c = 0 (and so ab 6= 0, by the regularity
conditions), then up to the affine change of variable x 7→ bx, we may reduce to the
case b = 1, taking into account that the relation
Ln(x; a, b, 0|q) = bn Ln(x/b; a/b, 1, 0|q)
holds for each n = 0, 1, 2, . . ..
(II) The monic OPS (Jn(x; a, b, c, d|q))n≥0 given by (3.2), where
βn = q
n [a(b+ d) + c(b + 1)](1 + dq
2n+1)− [c(b + d) + ad(b+ 1)](1 + q)qn
(1− dq2n)(1− dq2n+2) ,
γn+1 = −q
n(1− qn+1)(1 − bqn+1)(1− dqn+1)(a− cqn+1)(b − dqn+1)(c− adqn+1)
(1 − dq2n+1)(1 − dq2n+2)2(1− dq2n+3)
for each n = 0, 1, 2, . . ., where a, b, c, d ∈ C fulfill the regularity conditions
b 6= q−n , d 6= q−n , a 6= cqn , b 6= dqn , c 6= adqn
for each n = 1, 2, . . ..
Remark 3.1. Note that the monic OPS given in (I) is a special or limiting case
of the monic OPS given in (II). Indeed the following relations hold:
Ln
(
x; a, b, c|q) = { Jn(x; ab/c, c/b, b, 0|q) if bc 6= 0 ,
Jn(x; ab/c, c/a, a, 0|q) if ac 6= 0 ,
Ln(x; 0, 0, c|q) = lim
b→0
Jn(x; 0, c/b, b, 0|q) if c 6= 0 ,
Ln(x; a, 1, 0|q) = lim
b→0
Jn(x; a/b, b, 1, 0|q) .
Remark 3.2. The monic q−classical OPS (see Table 1), up to affine transforma-
tions of the variable, can be obtained from the OPS given in (I) and (II). Indeed:
U (a)n (x) = Ln(x; a, 1, 0|q)
Ln(x; a, b|q) = (abq)nLn
(
x/(abq); 1/a, 1/b, 1|q)
Ln(x; a|q) = Ln
(
x; 0, 1, a|q)
ln(x; a|q) = Ln
(
x; 0, 0,−a|q)
Pn(x; a, b, c|q) =
{
qnJn(x/q; 1, a, c, ab|q) , if b 6= 0
(acq)nLn(x/(acq); 1/a, 1/c, 1|q) , if b = 0
Pn(x; a, b|q) =
{
Jn(x; 0, a, 1, ab|q) , if b 6= 0
anLn(x/a; 1/a, 0, 1|q) , if b = 0
Bn(x; a|q) = Jn(x; 0, 0, 1,−a/q|q
)
jn(x; a, b|q) = qnJn
(
x/q; b, 0, 0, a/q|q) ,
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where in each case the parameters are subject to the restrictions given in Table 1.
Remark 3.3. The converse of Remark 3.2 is also true, that is, the monic OPS in
(I) and (II) can be obtained from the monic q−classical OPS. Indeed:
(i) If c = 0 in the definition of Ln(·; a, b, c|q) (and so ab 6= 0, by the regularity
conditions), we obtain (monic) Al-Salam-Carlitz polynomials:
Ln(x; a, b, 0|q) = bnU (a/b)n (x/b|q) .
Consider now c 6= 0. If ab 6= 0, we obtain Big q−Laguerre polynomials:
Ln(x; a, b, c|q) = (ab/(cq))n Ln
(
cqx/(ab); c/a, c/b
∣∣q) ;
if ab = 0 and |a|+ |b| 6= 0, we obtain Little q−Laguerre polynomials:
Ln
(
x; a, b, c|q) = { bnLn(x/b; c/b|q) if a = 0 and b 6= 0 ,
anLn(x/a; c/a|q) if a 6= 0 and b = 0 ;
and if a = b = 0, we obtain one of the monic OPS given by Medem and A´lvarez-
Nodarse in [9, Table 2]:
Ln(x; 0, 0, c|q) = ln(x;−c|q) .
(ii) If d = 0 in the definition of Jn(·; a, b, c, d|q), the regularity conditions imply
bc 6= 0, and we obtain Little q−Laguerre polynomials if a = 0 and Big q−Laguerre
polynomials if a 6= 0, according to (i) and the relation
Jn(x; a, b, c, 0|q) = Ln
(
x; ab, c, bc|q) .
Consider now d 6= 0. If abc 6= 0, we obtain Big q-Jacobi polynomials:
Jn(x; a, b, c, d|q) = (a/q)nPn(qx/a; b, d/b, c/a|q) ;
if only one among a, b, and c is zero, then we obtain Little q-Jacobi polynomials:
Jn
(
x; a, b, c, d|q) =

cnPn(x/c; b, d/b|q) if a = 0 and bc 6= 0 ,
cnPn(x/c; ad/c, c/a|q) if b = 0 and ac 6= 0 ,
(ab)nPn(x/(ab); d/b, b|q) if c = 0 and ab 6= 0 ;
if a = b = 0 (and so c 6= 0, by regularity), we obtain q-Bessel polynomials:
Jn
(
x; 0, 0, c, d|q) = cnBn(x/c;−dq|q) ;
and if b = c = 0 (and so a 6= 0, by regularity) we obtain the other monic OPS given
by Medem and A´lvarez-Nodarse in [9, Table 2]:
Jn(x; a, 0, 0, d|q) = q−njn(qx; qd, a|q) .
(There are no additional cases, since the condition d 6= 0 together with the regularity
conditions for (Jn(·; a, b, c, d|q))n≥0 imply (a, c) 6= (0, 0).)
Remark 3.4. Note that the q−classical OPS are (up to affine changes of the vari-
able) special or limiting cases of the polynomials Jn.
To achieve the required characterization of (3.1), we also need to use the following
fact [2, Theorem 1.2]: if u ∈ P∗ is a regular functional satisfying
D1/q,−ω/q(φu) = ψu ,
where φ and ψ are nonzero polynomials such that deg φ ≤ 2 and degψ = 1, and
setting φ(x) = a0 + a1x+ a2x
2, ψ(x) = b0 + b1x, and
dn := b1q
−n + a2[n]q−1 , en := b0q
−n + (a1 − q−1ωdn)[n]q−1
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for each n = 0, 1, . . ., then the (regularity) conditions dn 6= 0 and φ(−en/d2n) 6= 0
hold for each n = 0, 1, . . . and the coefficients of the three-term recurrence relation
for the associated monic OPS are given by
βn = −q−1ω[n]q−1 +
[n]q−1en−1
d2n−2
− [n+ 1]q−1en
d2n
,(3.4)
γn+1 = −
q−n[n+ 1]q−1dn−1
d2n−1d2n+1
φ
(
− en
d2n
)
, n = 0, 1, 2, . . . .(3.5)
Theorem 3.1. A monic OPS (Pn)n≥0 satisfies (3.1) if and only if, up to an affine
transformation of the variable, it is a q−classical monic OPS.
Proof. In the analysis of the structure relation (3.1) we consider the three possible
cases, according to the degree of the (monic) polynomial πN , N ∈ {0, 1, 2}.
case i: N = 0. Then π0(x) = 1 and so (3.1) becomes
Dq,ωPn+1(x) = [n+ 1]qPn(x) , n = 0, 1, . . . .
From (2.18), (2.19), and (3.3), we see that u satisfies the functional equation
D1/q,−ω/qu = −
q
γ1
(x− β0)u .
Let a and b be the two roots of the quadratic equation
z2 + (ω0 − β0)z + γ1/(q − 1) = 0 .
Note that ab 6= 0, γ1 = ab(q − 1), and β0 = a+ b+ ω0, where
ω0 :=
ω
1− q .
Using (3.4) and (3.5), the recurrence coefficients for the monic OPS
(
Pn
)
n≥0
are
βn = ω0 + (a+ b)q
n , γn+1 = −ab(1− qn+1)qn , n = 0, 1, . . . .
This means that
Pn(x) = Ln (x− ω0; a, b, 0|q) , n = 0, 1, . . . .
(Thus, according to Remark 3.2, in this case, up to affine transformations of the
variable, we obtain Al-Salam-Carlitz polynomials.)
case ii: N = 1. Writing π1(x) = x− ω0 + c, c ∈ C, (3.1) becomes
(x− ω0 + c)P [1]n (x) = Pn+1(x) + cn,nPn(x) , n = 0, 1, . . . .
Setting n = 0 gives c0,0 = c+ β0 − ω0, and so condition (1.2) implies c+ β0 6= ω0.
By (2.18), (2.19), and (3.3), we obtain the functional equation
D1/q,−ω/q
(
(x − ω0 + c)u
)
= −q(β0 − ω0 + c)
γ1
(x− β0)u .
Setting α = −q(β0 − ω0 + c)/γ1 (hence α 6= 0) and β = α(ω0 − β0), the above
functional equation becomes
D1/q,−ω/q
(
(x − ω0 + c)u
)
=
(
α(x − ω0) + β
)
u ,
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hence, using (3.4) and (3.5), we find
βn = ω0 −
(
β(1− q) + (1 + q)(1 − qn))qn
α(1 − q) ,(3.6)
γn+1 =
(1− qn+1)qn+1(αc(1 − q) + (q + β(1 − q))qn − q2n+1)
α2(1 − q)2(3.7)
for each n = 0, 1, . . .. Let a and b be the zeros of the polynomial
θ2(z) := −q−1z2 +
(
1− β(1− q−1))z + αc(1− q) .
Then a+ b = q+β(1− q) and ab = cαq(1− q). Therefore, setting r := 1/(α(q−1)),
we have r 6= 0 and, from (3.6) and (3.7),
βn = ω0 + rq
n
(
a+ b+ 1− qn − qn+1) ,
γn+1 = −r2qn
(
1− qn+1)(a− qn+1)(b− qn+1)
for each n = 0, 1, . . .. This means that
Pn(x) = r
nLn
(
x− ω0
r
; a, b, 1
∣∣∣q) = Ln (x− ω0; ar, br, r∣∣∣q) .
(Therefore, in this case, up to affine transformations of the variable, we obtain
Big-q-Laguerre polynomials if ab 6= 0, Little-q-Laguerre polynomials if ab = 0 and
a and b do not vanish simultaneously, and the OPS (ln)n≥0 if a = b = 0.)
case iii: N = 2. Then we may write π2(x) = (x − ω0 − r)(x − ω0 − s), with
r, s ∈ C, and (3.1) becomes
(x − ω0 − r)(x − ω0 − s)P [1]n (x) = Pn+2(x) + cn,n+1Pn+1(x) + cn,nPn(x)
for each n = 0, 1, . . .. From (2.18) and (2.19), we deduce
D1/q,−ω/q
(
(x− ω0 − r)(x − ω0 − s)u
)
= (α(x − ω0) + β)u ,
where α := −q(γ1 + π2(β0))/γ1 and β = −α(β0 − ω0). The regularity of u implies
α 6= 0. Since (1− q−1)dn = 1+ (−1+α(1− q−1))q−n, then we will distinguish two
sub-cases, depending whether (dn)n≥0 is a constant sequence or not.
case iii.a) If α = 1/(1− q−1), then dn = α for all n. Let c := (q−1)β+ q(r+s).
By using (3.4)–(3.5) we find
Pn(x) = Ln
(
x− ω0; r, s, c|q−1
)
, n = 0, 1, . . . .
(Therefore, in this case, we obtain Al-Salam-Carlitz polynomials if c = 0, i.e., β0 =
ω0 + r + s, Big-q-Laguerre polynomials if rs 6= 0, Little-q-Laguerre polynomials if
rs = 0 and r and s do not vanish simultaneously, and the OPS (ln)n≥0 if r = s = 0.)
case iii.b) If α 6= 1/(1− q−1), then (dn)n≥0 is not a constant sequence. Let
u := q(q + α(1 − q)) , λ := (r + s)q − β(1 − q) .
Note that u 6= 0 (since α 6= 1/(1−q−1)). Note also that dn = (1−uq−n−2)/(1−q−1)
for each n = 0, 1, . . . and so, since dn 6= 0, we obtain u 6= qn for each n = 0, 1, . . ..
Therefore, using (3.4)–(3.5), we obtain
βn = ω0 + q
−n (λ+ r + s)(1 + uq
−2n−1)− (1 + q−1)(λ + ru + su)q−n
(1− uq−2n)(1− uq−2n−2)(3.8)
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and
(3.9) γn+1 = −q
−n(1− q−n−1)(1 − uq−n−1)ϕ(q−n−1; r, s)ϕ(q−n−1; s, r)
(1− uq−2n−1)(1 − uq−2n−2)2(1− uq−2n−3)
for each n = 0, 1, . . ., where
ϕ(z;x, y) := xuz2 − λz + y .
If r = λ = 0 then ϕ(z; r, s) = s and ϕ(z; s, r) = suz2. Then, from (3.8)–(3.9) we
see that this case may occur only if s 6= 0 and
Pn(x) = Jn
(
x− ω0; 0, 0, s, u|q−1
)
, n = 0, 1, . . . .
(This means that, in this case, the Pn’s are q−Bessel polynomials.) If r = 0 and
λ 6= 0, define a = λ/u and b = us/λ; and if r 6= 0 (λ being zero or not), define
a = (λ +
√
∆)/(2u) and b = (λ −√∆)/(2r), where ∆ := λ2 − 4rsu (alternatively,
we may choose a = (λ−√∆)/(2u) and b = (λ+√∆)/(2r)). These choices of a and
b (in either cases r = 0 and λ 6= 0, or r 6= 0) give s = ab and λ = au+ br, and so
ϕ(z; r, s) = (rz − a)(uz − b) , ϕ(z; s, r) = (auz − r)(bz − 1) .
Therefore, using (3.8)–(3.9), we obtain
Pn(x) = Jn
(
x− ω0; a, b, r, u|q−1
)
, n = 0, 1, . . . .
(In this case, if r = 0 (and so a 6= 0) we obtain Little-q-Jacobi polynomials if b 6= 0
and the OPS (jn)n if b = 0; and if r 6= 0, we obtain Big-q-Jacobi polynomials if a, b 6=
0, Little-q-Jacobi polynomials if ab = 0 and a and b do not vanish simultaneously,
and q−Bessel polynomials if a = b = 0.) 
Remark 3.5. In [5] the authors claim: “We show that the only orthogonal poly-
nomials satisfying a q−difference equation of the form π(x)DqPn(x) = (αnx +
βn)Pn(x) + γnPn−1(x), where π(x) is a polynomial of degree 2, are the Al-Salam
Carlitz 1, little and big q−Laguerre, the little and big q−Jacobi, and the q−Bessel
polynomials. This is a q−analog of the work carried out in [1].” However, according
to Theorem 3.1 for ω = 0, there are two additional families of monic OPS (given
in Table 1) that also satisfy the above q−difference equation. Therefore, Theorem
3.1 for ω = 0 is the true q−analogue of the work by Al-Salam and Chihara [1].
This section highlights that the concept of coherent pair of measures, besides its
own theoretical interest, is a useful tool to deal with specific algebraic problems in
the theory of orthogonal polynomials. It is worth mentioning that severals problems
and conjectures related with this type of structure relations remain unsolved (see
[6, Section 24.7.1]).
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